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Abstract: A Smarandache-Fibonacci triple is a sequence S(n), n > O such that 
S(n) = S(n — 1) + S(n — 2), where S(n) is the Smarandache function for integers 


n > 0. Clearly, it is a generalization of Fibonacci sequence and Lucas sequence. Let 
G be a (p,q)-graph and {S(n)|n > 0} a Smarandache-Fibonacci triple. An bijection 
f: V(G) = {S(0), S(1), (2), ...,.S(q)} is said to be a super Smarandache-Fibonacci grace- 
ful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set 
{S(1), S(2),...,S(q)}. Particularly, if S(m),n > 0 is just the Lucas sequence, such a label- 
ing f : V(G) = {lo,l1,l2,--- ,la} (a € N) is said to be Lucas graceful labeling if the induced 
edge labeling fi(uv) = |f(u) — f(v)| is a bijection on to the set {l1,l2,--- ,Jg}. Then G is 
called Lucas graceful graph if it admits Lucas graceful labeling. Also an injective function 
f : V(G) = {lo, li, l2,-++ ,lq} is said to be strong Lucas graceful labeling if the induced edge 
labeling fi (uv) = |f(u) — f(v)| is a bijection onto the set {l1,l2,...,lg}. G is called strong 
Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper, we show 
that some graphs namely P,, Pt —e, Sm, Fm@Pn, Cm@Pn, Kin © 2Pm, C3@2Pn and 
C,@Kji,2 admit Lucas graceful labeling and some graphs namely Ky,, and F, admit strong 


Lucas graceful labeling. 
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§1. Introduction 


By a graph, we mean a finite undirected graph without loops or multiple edges. A path of 
length n is denoted by P,,. A cycle of length n is denoted by C,.G™ is a graph obtained from 
the graph G by attaching a pendant vertex to each vertex of G. The concept of graceful labeling 
was introduced by Rosa [3] in 1967. 

A function f is a graceful labeling of a graph G with q edges if f is an injection from 
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the vertices of G to the set {1,2,3,---,q} such that when each edge wv is assigned the la- 
bel |f(u) — f(v)|, the resulting edge labels are distinct. The notion of Fibonacci graceful 
labeling was introduced by K.M.Kathiresan and S.Amutha [4]. We call a function, a Fi- 
bonacci graceful labeling of a graph G with q edges if f is an injection from the vertices of 
G to the set {0,1,2,..., Fy}, where F, is the g‘” Fibonacci number of the Fibonacci series 
Fi =1,F) = 2, F3 = 3, Fy =5,..., and each edge uv is assigned the label | f(w) — f(v)|. Based 
on the above concepts we define the following. 

Let G be a (p,q) -graph. An injective function f : V(G) > {lo,li,le,--- las, (ae N), 
is said to be Lucas graceful labeling if an induced edge labeling fi(uv) = |f(u) — f(v)| is a 


bijection onto the set {l1,l2,--- ,J,} with the assumption of lp = 0,4, = 1,lo = 3,13 = 4, 


7,l5 =11,--- ,. Then G is called Lucas graceful graph if it admits Lucas graceful labeling. Also 
an injective function f : V(G) > {lo, hi, le,--- ,l,} is said to be strong Lucas graceful labeling if 
the induced edge labeling f;(uv) = |f(u) — f(v)| is a bijection onto the set {l1,lo,--- Jy}. Then 
G is called strong Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper, 
we show that some graphs namely P,, P*—e, Smn, Fm@Pn, Cm@Pn, Kin©@2Pm, C3@2P, 
and C,@k1 2 admit Lucas graceful labeling and some graphs namely K,,, and F;, admit strong 
Lucas graceful labeling. Generally, let S(n), n > 0 with S(n) = S(n—-—1) + S(n— 2) bea 
Smarandache-Fibonacci triple, where S(n) is the Smarandache function for integers n > 0. An 
bijection f: V(G) — {S(0), S(1), S(2),..., S(q)} is said to be a super Smarandache-Fibonacci 
graceful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set 
{S(1),S(2),--- ,S(@)}- 


§2. Lucas graceful graphs 


In this section, we show that some well known graphs are Lucas graceful graphs. 


Definition 2.1 Let G be a (p,q) -graph. An injective function f :V(G) — {lo, hi, le,--++ la, }, 
(a € N) is said to be Lucas graceful labeling if an induced edge labeling fi(uv) =|f(u) — f(v)| ts 


a bijection onto the set {l,l2,--- ,lg} with the assumption of lo = 0,4 = 1, =3,l3 = 4, 


7,l5 =11,---,. Then G is called Lucas graceful graph if it admits Lucas graceful labeling. 
Theorem 2.2 The path P, is a Lucas graceful graph. 


Proof Let P,, be a path of length n having (n+ 1) vertices namely v1, v2, U3,°+* ; Un; Un+1- 
Now, |V(P,,)| = n+ 1 and |E(P,)| = n. Define f : V(P.) > {lo, hi, la,--: ,la, },a € N by 
f(ui) =ligi, 1 <i<n. Next, we claim that the edge labels are distinct. Let 


B= {filvivigr):1<i<n} = {[f(vi) — fv): 1 <isn} 
= {|f(v1) — f(va)|,|F(v2) — Flvs)|,++ |F(en) — Fn4a)|s I 
= {|l2 = I3| , [ts _ la|,-°° y[ln+1 an In+2|} = {ii, la,-+: sn}. 


So, the edges of P,, receive the distinct labels. Therefore, f is a Lucas graceful labeling. 


Hence, the path P, is a Lucas graceful graph. 
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Example 2.3 The graph Ps admits Lucas graceful Labeling, such as those shown in Fig.1 
following. 


Fig.1 
Theorem 2.4 P+ —e,(n > 3) is a Lucas graceful graph. 


Proof Let G = Pt —e with V(G) = {u1, u2,--+ ,Unti} Ufve, v3,-++ ,Un4i} be the vertex 
set of G. So, |V(G)| = 2n+ 1 and |E(G)| = 2n. Define f : V(G) > {lo, li, le, +++ la, fsa e N, 
by 
flui) =ly-1,1<t<n4+1 and f(vj) =bg_1,2<j<sn+1. 


We claim that the edge labels are distinct. Let 


Fx = {filuiuigi) 1 <i <n} = {lf(us) — fur): 1 <i <n} 
= {|f(u) — f(u2)|, |f(u2) — F(ua)l +++ sf (un) — f(un+1) |} 
= {tr — ts], \ls — Us|,-++ , lan—1 — tonal} = {la, la, ++ lon}, 

By = {filuivs):2<i, 7 <n} 
= {|f(u2) — (ve), |F(us) — flvs)|,-++  F(un+a) — f@n4i)t 
= {ls — lal, [ls — lal,-++ , lonta — lanl} = {lr ls,-°+ , lan—r}- 


Now, £ = Ey U Ey = {li,ls,--+ ,lan—1, lon}. So, the edges of G receive the distinct labels. 
Therefore, f is a Lucas graceful labeling. Hence, P+ — e,(n > 3) is a Lucas graceful graph. 


Example 2.5 The graph Pe —e admits Lucas graceful labeling, such as thsoe shown in Fig.2. 


Fig.2 


Definition 2.6([2]) Denote by Sinn such a star with n spokes in which each spoke is a path of 
length m. 


Theorem 2.7 The graph Siz» is @ Lucas graceful graph when m is odd and n = 1,2(mod 3). 
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Proof Let G = Sm» and let V(G) = {ui :1<i< mand 1 <j <n} be the vertex set of 
Sim n- Then |V(G)| = mn-+1 and |E(G)| = mn. Define f : V(G) > {lo, li, le,-++ sla, hae N 
by 

f(uo) = lo for i = 1,2,--- ,m— 2 and it = 1(mod 2); 
f (ui) = laG-1n42j-1,1 <j <n for i =1,2,--- ,m—1 and i = 0(mod 2); 


f (ui) = Ini42—23,1 <7 <n and for s =1,2,--- i 
f (uj) = Inom—a)42(341)-38138 — 2 <j < 3s. 
We claim that the edge labels are distinct. Let 
H= VU {h(@u)}= UU {lf Co) - Ff (ui)]} 
“tiGnod 2) iGmod 2) 
= U {lb-henulk= UO fae} 
tne 2) i=1(mod 2) 
= {11, longa, langiy*** lntm=4a} ’ 
m-1 ; m-1 : 
Bm = VU {fhlwrui)}= U {lf (m)-F (ui) 
i=1(mod 2) i=t(mod 2) 
m—1 m-1 
= U {|lo — nel} = U {laa} = {lon lany2* rbnitriAy 
i=1(mod 2) =iGned 2) 
m—-2 — 
E3 = U {fi (uiui i): 1<j<n-1} 


i=1(mod 2) 
m—2 
U {|f (uj) -—flujp)l:1<i<n-1} 


i=1 
i=1(mod 2) 


m—2 
= U { |fn(e—1) 425-1 — InG@—-gajua|:1<7<n—1} 
i=1(mod 2) 
m—2 


U {ln(s—-1423 21 <7 <n-1} 


i=1 
i=1(mod 2) 


m—-2 
= U {Ingi—1) 425 ln(i—1) +45 vr yt ln(i—1)+2(n—1) } 
ited 2) 


{lo, lon+2, a) ln(m—3)+2} U {la, lon+a, ore slitusieat Us 


U {lon—2, lan—2, tee laGa sa fon=o} ’ 
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Be = U  {Aujuju)itsisn- 
= U fF @)-fadlitsisn-y 
= U {|Ini-2j-+2 — Ini-2j] 1 Sj Sn 1} 
= U {Ini-2j41: 1S 9 <n-1} 


= U ere ree a ere 
i=1(mod 2) 


2 log tig aay ley leet lag ae es lap as gear et ght Gnesi 


For n = 1(mod 3), let 


Es = U) (hr (wp uty) +88 2< 7 < 38-1} 
= 
= U {lf (?) sf (wf)| 88-2595 38-1} 
net 


= U { |ln(m—1)-+25—38-+2 = laGia1)soj—se+ :3s-2<j<3s-1} 


aot 
= U {In(m—1)+2j—3s+2 138 -—2<j<3s—1}= U {In(m—1)43s—13 ln(m—1)+3s41} 
s=1 


= Ab 1)4 25 'n(m 1)4 45 n(m 1)4 5) ln(m 1)+7.°°" sla eesti} : 


We find the edge labeling between the end vertex of s*” loop and the starting vertex of 
-1 
(s+ 1)" loop and s = 1,2,--- ia Let 


Be = {lr (os NI} = U Cle 8) ~ F (085) 
= {Ff up) — FUP) IF (ue) — FUP YL LF us) — feta) LF (ura) — FED) t 


Lisa Siena _ Lely haa } 


| 


n(m—1)+8 — Ln(m—1) 


1 hale A938 = laa 


se {In(m—1)-+3) In(m—1)+6) ed again at = inti In(m—1)+65 a plana t : 
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For n = 2(mod 3), let 


n-1 
3 


a U {fi (uP ufjs) :3s-2< 7 <$ 38-1} 
n—1 


= U {|f (uf?) — f (uZ,)| :38s-2< 7 <3s—1} 


= U { |ln(m—1)-+25—38-+2 - lili 1)40j7—3044 :3s—2<j<3s—1} 
net 


= U {ate 1)+2j—3s8+3 + :38s-2<j<3s-1}= U eon 1)+3s 1! n(m—1)+3s4 ii} 


s= s=l1 
= {In(m—1)+2) Un(m—1)+45 Lesley ee la(m—1)47) as Corer r Ligeia : 
We determine the edge labeling between the end vertex of s‘” loop and the starting vertex 
of (s + 1)** loop and s = 1,2, 3,..., — 


Let By = U (fi (uss wii) = OU CF us) — F Ba) 
= {fF (uP) — FWP FR) — FOP, Fu) — FURL LF wma) — Fu™)} 


In(m—1)4+n+41 =< Lene iia } 


a) 


; In(m—1)+8 —_ Ln — 


= {[ln(m—1)45 — In(m— 


= {bitin 1)45% ln(m—1)+65 oar wena . 


Now,f = Us if n = 1(mod 3) and E = (Uz UESUE, if n = 2(mod 3). So the 


1 
edges of Sinn (quai m is odd and n = 1, 2(mod 3)), receive the distinct labels. Therefore, f is 
a Lucas graceful labeling. Hence, Si,» is a Lucas graceful graph if m is odd, n = 1, 2(mod 3). 


Example 2.8 The graphs S54 and S55 admit Lucas graceful labeling, such as those shown in 
Fig.3 and Fig 4. 


Fig.3 
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Fig.4 


Definition 2.9([2]) The graph G = F,,@P,, consists of a fan Fy, and a path P, of length n 


which is attached with the maximum degree of the vertex of Fim. 
Theorem 2.10 F,,@P,, is a Lucas graceful labeling when n = 1,2 (mod 3). 


Proof Let v1, v2,..-;Um;Um+1 and uo be the vertices of a fan F,, and uj, u2,--- ,Un be the 
vertices of a path P,. Let G = F,,@P,. Then |V(G)| =m+n-+4 2 and |E(G)| = 2m4+n+1. 
Define f : V(G) — {lo, li, la,--: , la, },a € N, by f(uo) = lo, f(vi) = li-1,1 < i < m+1. 
Hore oan ia 


or 
lom42j—3s43,38 —2 <7 < 3s. 


according as n = 1(mod 3) or n = 2(mod 3), f(u;) = 


We claim that the edge labels are distinct. Let 


Fy = {filvi vita): 1 Sis m} = {|f(vi) — f (vigi)|: 1 <i < m} 
{|la—1 — lagi]: 1<i<m} 


{lai : L<i<m}={lo,ly,-:- loam}, 


= {|lo — lax-i]: 1 <i<m+1} 
= fig: 1 sa<s m+ 1} = {hy ey ** slomsi} 


and 


E3 = {fi (uour)} = {|f(uo) — f(ur)|f = {lo — lom+el} = {lom+e} 
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-1 
For s = Looe and n = 1(mod 3), let 


n—-1 


3 
Ey => LU) {fi (uj, uj41) 138-2 < 7 < 38-1} 


s= 


n-1 


3 


ea LW) {|f(uy) — f(uj4i)| 288-2 <7 < 38-1} 


= U (lom42j4+4~3s 138—2<j <3s—1) 


= {lmeyjai4<7< 5} {lom+2j—s :7<GK 4 ae 
J {lom+2j—n44 :n-3<j7<n—-2} 
= {lom+e, lom+s} U {lom+o, lom+ii} U aa U {lomtn—2; lom+n} 


— {lam 65 lom +83 lom +935 lom t1l,°*° slom+n—2; lom+n} 


We find the edge labeling between the end vertex of s*” loop and the starting vertex of 


—1 
(s +1) loop and s = 1,2,3,-:- = , n = 1(mod 3). Let 


By = U {fi (uy Ujqi) 27 = 3s} = U {|f(uj) — f(uj41)| 19 = 38} 


n-1 


oF, 
U {|lom+2j+3-3s — lam+2j4+5—3s|: Jj = 3s} 


s=1 
= {{lom4o7 — lomyog—1| 2 7 = 3} U {|lompojaa — lomgoy-al 7 = 6 mre 
LJ {ldam+2; — lom42j—1] sj =n—1} 
= {limpajoo tJ = 3} U flomaej—s 17 = 6} U,-* >, U {lomgaj-age 9 =n — 1} 


— {lom+4, lom+7; aot lom+ntit : 


—2 
For s = 10 ee and n = 2(mod 3), let 


n-2 


3 
Ey, = (J (filuy wjy1):38-2< 57 <3s-1} 


n—2 


{| f (uj) — f(uj+i)] + 88-2 <9 < 38— 1} 


ll 
iC4 


a U {|lom+2)+3~3s — lom+42j+5~3s| 138—2< 7 <3s—1} 
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n—-2 
a" 

= U (lom+2j4+4~3s : 38 -—2<j <3s—1) 
s=1 


= {lom+2j-2 1459 < 5} {lam4aj-5 75 9< 83+ 
| )lemeg wea :n-3<j<n-2} 
= {lom+e, lom+s} U {lom+o, lom+ii} U ae U {lomtn—2; lom+n} 


= {lom+e, lom+8;2m+9 ’ lom+11, en) lom+tn—2; lom+n} 


We determine the edge labeling between the end vertex of s*” loop and the starting vertex 
—2 
of (s + 1)** loop and s = 1,2, 3,..., - , n = 2(mod 3). Let 


3 
ne 2. 
# 2 " 
Ek, = {fi (uj, Uj41) 7 = 38} 
s=1 
n~2 n—2 


= VU {lfly) - fy4)| s 7 = 38} = UL {Ilom42j+3-36 — lom4aj+5—3el ¢ J = 38} 


s=1 s=l1 
=  {|lom+42; — lom42j-1|: 7 = 3} U {|lom+23~-3 — lam+2j—4| : 7 = 6} U a 
U {llompojenpa — lompojen4s |g = 1 — 1} 
= {lomyojee $j = 3} U {lom4oj-5 tg = 6} U aa U {lom42j—(n—3) i: =n—1} 


=a {lom+a, lom+73 eey lom+n+1} . 


5 5 / y 
Now, E = U E; if n = 1(mod 3) and E = (U E,) VE,UEs if n = 2(mod 3). So, the 
i=1 i=1 
edges of Fy,@P,, (whenn = 1,2(mod 3)) are the distinct labels. Therefore, f is a Lucas graceful 


labeling. Hence, G = Fi, @P,, (if n = 1, 2(mod 3)) is a Lucas graceful labeling. 


Example 2.11 The graph F5;@P, admits a Lucas graceful labeling shown in Fig.5. 


Definition 2.12 ([2]) The Graph G = Cy,@P,, consists of a cycle Cm and a path of P, of 


length n which is attached with any one vertex of Cm. 
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Theorem 2.13 The graph Cy,@P,, is a Lucas graceful graph when m = O0(mod 3) and n = 
1, 2(mod 3). 


Proof Let G = Cy,,@P,, and let uz, u2,---: , Um be the vertices of a cycle Cy, and v1, V2,°++ , Un; Un+1 
be the vertices of a path P,, which is attached with the vertex (u; = v1) of Cm. Let V(G) = 
{uy = ur} U {ua, u3,+++ , Um} U {v2, U3, --, Un, Unti} be the vertex set of G. So, |V(G)| =m-+n 
and |E(G)| = m+n. Define f : V(G) > {lo,h,--- lat, ae N by f(ur) = f(v1) = lo; f(ui) = 
lo;-35,38 -—1 <j <3s+4+1 for s = 1,2,3,--- 3 i = 2,3,---,m; f(vj) = lm4oj—3r, 387 —1< 
Fe ey te nO ea eo ce eee 

We claim that the edge labels are distinct. Let 


Ey = {fi (ur u2)} = {lf (ur) — f (ue) |} = (lo -— |) = {hf, 


> 
Fo = U {fi (ui Uiti):38—1<i< 3s and um41 = ur} 


= U {fi (ui) — f(wi41) 238 -—1< 1 < 38 and Uni = ur} 


s=l1 
= {lf(u2) — f(us)|,|f(us) — f(ua)|, + |f(um) — f(um4i)|t 
= {|hi—Is|, [ls — Is], [la — Ue] [le — ts] ,- +> 5 [lm — lol} 


= 4{lo, la, l5,17,*<+ lm} 


We determine the edge labeling between the end vertex of s“” loop and the starting vertex 


of (s +1)” loop and s = 1,2,..., + —1. Let 


my my 


Fs = U {flusssi ussza)} = U {f(usse1) — f(usst2)/} 
= {lf(ua) — flus)|,[f(u7) — Flus)| +++ 1 F(um—2) — f(um—1)I} 
= {|ls — la], |lg — Iz|,-°- y|lm—1 — bal} 
Pd {is,l6,--- flnaats 


Ex = {filvr v2)} = {|f(vr) — f(v2)|} = {lo — lm-+a—al t {Ilo — Im+4—sl } 
{lo — Um+al} = {lo — lm+ilt = {lm4i} - 


For n = 1(mod 3), let 


n-1 


3 
By = U {fi(vj vj41) 2 38r—-1< 7 < 3r} 


r=1 


= [J {lf ls) — fojas)| : 8r —1 <j < 3r} 
r=. 
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= {lf(v2) — f(vs)| 1 F(ws) - 


{|lm+4—3 — lm+6—al +|lm+6—3 — lm+s—al, |lm+10—6 — lm+12-6| 5 |lin4+12-6 — lm414—el ; 


Fva)l s+ 1F@n-1) — Fendt 


eg \lm+2n—2—n+1 = ln 


{|Im41 7. Im+s| ’ [Im43 _ 


{lp4.05 Im+4s Im+5, lm+7, eae | 


L2n—n+1|} 
Im-+5| ’ [Im+4 _ ime ’ [Im+6 a im+s| TA SS [lmtn—1 _ lmtn+il} 


ies 


We calculate the edge labeling between the end vertex of r‘” loop and the starting vertex 


of (r + 1)*" loop and r = 1,2,--- 


n-1 


Ekg = LU {filesrsa U3r+2) 


n—-1 
,——. Let 
3 e 


n-1 


}=U Uf warz1) - f(v3r42)1} 


= {lf(va) — flvs)l 1 F(o7) — Fes)i +++ 1 F(@n-2) — Fn—a)lt 


= {|lm4s—3 — lm+10—6| , |’m4+14—6 — Um4ie—9|5°++ 5 [Im-+2n—4—n42 — bm+2n—2—-n+1|} 
= {{lm+5 —lm+als [m+ — Im+7]5°++ 5 |bm+n—2 — Im+4nlt 
= {lmis,lmt6,lmt9,°++ tmtn—1} 
For n = 2(mod 3), let 
nal nol 
B= (Unley vss) :8r-15j $37} = U {|F(vj) — F(ej41)] 2 87-1 < 9 < 31} 


r=1 


= {lf(v2) — f(vs)| 1 F(vs) — Fw lee flonan) — Fond} 


= {lls = tess) sin sees e483 | bn gt08 = be eiuel |, iese — bepias el 5 


’ \bmn-+2n—2—2n41 = 


lm+2n—n+1|} 


= lan tis Im+4s lm+5; lm+75 a5 Len} : 


We find the edge labeling between the end vertex of r*” loop and the starting vertex of 


(r +1) loop and r = 1,2,---, 


, 


Ee = LU {f@osrs1 U3r-42) 


ee . Let 


¥= VU {lf esr41) — F(vsr42)/} 


= {lf(va) — flrs) [F(o7) — Fvs)l +++ LF (@n—2) — Fn—a) IF 


= {llm4a-3 — ladi0—6 


=: {ltmas = Gadals Gna 


Now, B= UE ifn=l 


= {bm+3,lm+6lmt9,°°° 


| y \lm-+14—6 a lm+16—9| nn) lAton ante = lm+2n—2—n+1|} 
8 —Im+z| y+ 5 (bmtn—2 — bmtnl} 
ylm+n—it 


(mod 3) and E = UB UE; UE, if n = 2(mod 3). So, 


the edges of G ue the distinct labels. Therefore, F is a Lucas graceful labeling. Hence, 


G =C,,@P,, is a Lucas graceful graph when m = 0(mod 3) and n = 1, 2(mod 3). 
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Example 2.14 The graph Co@P; admits a Lucas graceful labeling, such as those shown in 
Fig.6. 


Fig.6 


Definition 2.15 The graph Kin ©2Pm means that 2 copies of the path of length m is attached 


with each pendent vertex of Ky n. 
Theorem 2.16 The graph Kin ©2Pm is a Lucas graceful graph. 


Proof Let G = Kin © 2Pm with V(G) = {uj:0<i< n}U {oo :l<i<n1l<j 


<m-—1}and E(G) = {uo wii lSisnjufuy visu, v®) : L<i<nandi<j<m-1\u 


(1) ,,() (2) ,,(2) 
Ung Vig+d Vig Vajt 
|E(G)| = 2mn+n. 
For i = 1,2,---,n, define f : V(G) > {lo,li,la,--: ,lat},ae N, by f(uo) = lo f(ui) = 
l(am+1)(i—1) +23 fv) = lam41)(i-1) 42j41, 1 <j < m and f(v®) = liam+1)(i—-1) 42542, 1S 
jcom. 


We claim that the edge labels are distinct. Let 


pil<i<nandi<j<m-1h. Thus |V(G)| = 2mn+n-+ 1 and 


{fi (uo ui)} = LJ {If (wo) — f (us) } 


E, = U 
i=l i=l 
= U {|lo — L(am+1)(é-1)+2|} = U {l(am-+1)(i-1) +2} > 
i=l i=l 


& 
Cc: 


o 
Il 
un 


{fi (uiv'?), fi (wiv?) 


’ 


f(ui) — F~Q)]} 


I 


é. 
Il 
ma 


{| Fw) - FR 
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~ U {|leam+1)é-1) 42 — V(2m+1) (6-1) 


rea 
U {lam-+1)(6—1)-419 ((am+1)(i-1) +3 } 
i 


= {hls} U {lom+e, lamsa} U {lomntn—2m41; lomntn—2m+3} 


= {li, lom+2; as ylomn+tn—2m+41) 3, lom+4; pes , lomn+n—2m+3} > 


i=l 
U8 {|r - 10%,)} 
i=1 | j=1 


U {|l(2m-+1) (i-1) 42541 =< l(2m-+1)(i-1) +2543] } 
j=l 


m-1 
U {lems a1 +2542} 
j=1 


iC: 

— a a 
— 

3 

im 


U {l(am-+1) (4-1) +49 (am41) (6-146 °°? 9 l(am+1)(¢—1) 42m} 


{l4,l6,-++ jlom} U {leam41y44s Yam4i)+69°°* lam+1)(6-1) 42m U 


; ‘U {1(am-+1)(n—1)-+4) (2m+1)(n—1)+69°** + l(2m+1)(n—1)+2m } 


{la,- i slam, lam+s,° ay ylam4is° -_ U(am-41)(n 1) 145 4(2m-+41)(n 1)+6)° °° 


U U { fil?) at 
i=1 | j=1 
m— 1 


Ce 
— 
Sb 
—~ 
ico) 
aN 
aS) 
~~ 
| 
ah 
—~ 
e 
oN 
oN 
+ 
Be 
a) 


i=1 | j=1 
n m—-1 
U4 U {lemasy@—1 42742 — lem+y@—425+4l} 
i=1 | j=1 


‘Cc: 


a 
Il 
ua 


U {l(2m-+1) )\G-1 +2543} 


3 


U {l(am+1)(¢—1)45> Yom4i)(6—)479 °° *  Yam41)(i—1)-42m41} 


{ls, oz Be, lom+1} U {lone $b; lom+1+7; 5 8 lom+i+2m41} 


U {l(am+1)(n—1)45) (am-+1)(n—) 479° 1 lam+1)(n—1)+(2m-41) } 


{15° oe slom41, lam+6,° - ylam4i5° i sl(a2m+1)(n 1) +55 l(2m41(n 1)4+7°°° 


\(-—1) +2 — Lam41)(—1)4.4|} 


’ amet ’ 
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’ lom+1)-+n } : 
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4 
Now, E= UY EF; = {li, lo, dsl Gratayeahs So, the edge labels of G are distinct. Therefore, 


i=1 
f is a Lucas graceful labeling. Hence, G = Ky, © 2Pm is a Lucas graceful labeling. 


Example 2.17 The graph Ky,4 © 2P, admits Lucas graceful labeling, such as those shown in 
Fig.7. 


Fig.7 


Theorem 2.18 The graph C3@2P,, is Lucas graceful graph when n = 1(mod 3). 


Proof Let G = C3@2P,, with V(G) = {wi :1<i< 3}U{u:1l<i<n}bUf{u:1<i<n} 
and the vertices w2 and wz of C3 are identified with v, and u, of two paths of length n 
respectively. Let E(G) = {wywi41 : 1 <i < 2} U {ujuigi, viviga : 1 <i <n} be the edge set of 
G. So, |V(G)| = 2n + 3 and |E(G)| = 2n +3. Define f : V(G) > {lo, hi, le,--- ,la},ae N 
by f(w1) =tatat fui) = agp St SS nt 15 f(y) = lapagoj—as, 38-2 < 7 < 38 for 


$= 1,2,...—2 and f (vj) = In4442j-a6 88 — 2S j < 38-1 for s = +1. 
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We claim that the edge labels are distinct. Let 


Ey = (J {fr(wiuisrt =U (fu) — fwisr) | 


i=1 i=1 

= U {\In+3—i a In+3—i—1l} = U {\In43-i — In+o—a|} 
i=1 t=1 

= L) {ingi—a} = {Inj ln—1, °° Ju}, 
i=1 


Ey = {fi(uiwi), fi(wivr), fi(viur)} 
= {lf(ua) — f(wr)] Fw — For), (F(a) — Fur) |} 
a {\In+2 on In+a| ; \In44 _ In+s| ’ lln+3 = In+al} = {lnzs, In+2; Inti} : 


n—-1 
3 


, let 


n—-1 


3 
Es = U {fi (v;vj41) :3s—2<j<3s—1} 


s=l 
= U {|f(vj) — f(vj41)| 2388-2 < 7 < 38-1} 
s=l 


= {lf(wr) — f(v2)|,|f (v2) — F(vs)/} U {1f(4) — Fes)| fs) — Fo) FU 
UL {]f@n—s) — f(n—2)1 + |f(On—2) — F(n—1) I} 

= {[lnt3—Intsl Ings — Inter} U {llnt6 — Ints| [ints — Intiol} UJ 
+L) {Ilon—1 = lentil, llonta — lontal} 

= {In44,ln46}() {lntz, into} LJ ---U {lan bona} - 


We find the edge labeling between the end vertex of s*” loop and the starting vertex of 
-—1 
(s+ 1)" loop and1<s< ee Let 


Ex, = {filvjvjti) : 7 = 38} = {| f(vs) — f(vj4i)| : 7 = 35} 
= {|f(vs) — f(va)|,|f(ve) — flo7)1, +++ |F(un—1) — Fvn)|} 
— {\ln47 a In+e| ’ \Un+10 —_ In+o| | llon+s3 2 lon+2|} = {ls, lg, a slon+i} : 


-—1 
For s= >— +1, let 


Es = {filojuGj41) 15 = 38 — 2} = {| f(v;) — Flvjsi)| 7 = nr} 
= {lflun) — fens) |} = {ln tatan—n—2 — Int4ton+2—n—2\} 


= {|lont2 — lontal} = {lonts} - 


5 
Now, E= U & = {hi ly, ..., lont3}. So, the edge labels of G are distinct. Therefore, f is 


s=l 
a Lucas graceful labeling. Hence, G = C3@2P,, is a Lucas graceful graph if n = 1(mod 3). 
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Example 2.19 The graph C3@2P, admits Lucas graceful labeling shown in Fig.8. 


lg tig. U2 U3 qy U4 Ty €S 


lio 


lie 
lg 
ls 
lz uy 4 ug $s ug f2 us 4 us 
Fig.8 


Theorem 2.20 The graph C,@K1,2 is a Lucas graceful graph if n = 1(mod 3). 


Proof Let G = C,@k12 with V(G) = {u,:1<i<n}U {u1, v2}, E(G) = {uuizs: 
1L<i<n—1}U{unut, Unvn, Unv2}. So, |V(G)| =n+2 and |E(G)| =n+2. Define f : V(G) - 
{lo, li, le,...,lah,ae N by f(u1) = 0, f(vr1) = In, f(ve) = Inga; f(ui) = loi-ss, 88 —1 <i < 
3s+1 for s=1,2,..., 1" and f(ui) = lass, 88 —1<i< 3s for s = i. We claim that 
the edge labels are distinct. Let 


Ey = {fi (urue), fi(unrr), fi(unva), fi(unur)} 
= {lf(ur) — fue), [flun) — Fer], |f(un) — F(va)| |f(un) — fle) |t 
= {lo -hil nti — nl, [nti — nga], nga — lol} 

= {hi,In-1, Inte, lngi} 


n—4 


Ey. LU) {fi(uiiz1) 138-1 <i < 3s} 


s=l 
> U {|f(wi) — f(uigi)| +38 —-1<i < 3s} 
s=1 


= {|f(u2)— f(us)| .|f(ws) — fw} U {1f(us) — f(ue)| flue) — Fler) iEU 
US {lf (uns) — (Una) 1f(n—a) — f(Un—a) |} 

= {ll —Js|,|ls — ts1} LL {Ila — lel Ids — AIF 
UJ {Ine — In—als [dn—s — In—al} 

= {ll}. etl LU tins. tn—s} = {lay las dss 7,+++ Ins, Ina} 


We determine the edge labeling between the end vertex of s*” loop and the starting vertex 
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—A 
of (s+ 1) loop andl <s< = Let 


Ey = {filuiuizi) +t = 38+ 1} = {|f(us) — f(uigi)| +t = 38 + 1} 
= {lf(ua) — f(us)|, |flur) — flus)|,--+ .|f(un-3) — f(un—2)|} 
= {|ls—s — hio-6l , [414-6 — Lie-9] +++ 5 |lan—e—n44 — lon—4—ntil} 
= {lls — la], |ls — Ur] ,+++  In—-2 — In—sl } = {ls l6,+++ 5 In—a} - 


For s = no let 


Ey = {filuguizi):3s—1<i< 3s} 

= {|f(ui) — f(uisi)| 38-1 <i < 3s} 

= {|f(Un-2) — f(un—1)|,/f(Un—1) — f(un)I} 
= {|len—a—nti — len—2-n+1]; |lon—2—-n41 — len—n+il} 
= {|In—3 — In-a] .[In—-1 — Intl} = {In-2, In} 


4 
Now, E= U &; = {h, la, ...,In42}. So, the edge labels of G are distinct. Therefore, f is a 


w=1 
Lucas graceful labeling. Hence, G = C,,@K,,2 is a Lucas graceful graph. 


Example 2.21 The graph Cijp@k12 admits Lucas graceful labeling shown in Fig.9. 


§3. Strong Lucas Graceful Graphs 


In this section, we prove that the graphs K,,, and F,, admit strong Lucas graceful labeling. 


Definition 3.1 Let G be a (p,q) graph. An injective function f : V(G) — {lo, li, l2,--+ , lg} 
is said to be strong Lucas graceful labeling if an induced edge labeling f\(uv) = |f(u) — f(v)| is 


a bijection on to the set {l1, lo, ...,lq} with the assumption of lop = 0,4) = 1, le = 3,13 = 4,4 
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7,l5 =11,---,. Then G is called strong Lucas graceful graph if it admits strong Lucas graceful 
labeling. 


Theorem 3.2 The graph Kj,p, 1s a strong Lucas graceful graph. 


Proof Let G = Ki, and V = Vi UV, be the bipartition of Ky, with Vi = {ui} and 
Vo = {t, U2, ..., Un}. Then, |V(G)| = n+1 and |E(G)| =n. Define f : V(G) > {lo, hi, la, ..., dn} 
by f(uo) = lo, f(u1) =h,1<i<n. We claim that the edge labels are distinct. Notice that 


E = {filuow):1<i <n} ={f(uo)- fu): 1 sin} 
) 


{|f (uo) — f(ur)|, |f(uo) — f(u2)|,--+ F(uo) -— fun) I/F 
SF ie Rial lle sl REAM ole 


So, the edges of G receive the distinct labels. Therefore, f is a strong Lucas graceful labeling. 


Hence, K1,n the path is a strong Lucas graceful graph. 


Example 3.3 The graph Kj,9 admits strong Lucas graceful labeling shown in Fig.10. 


Fig.10 


Definition 3.4((2]) Let ui, ua,...,Un,Un+1 be the vertices of a path and ug be a vertex which 
is attached with u1,Ue2,...,Un,Un41- Then the resulting graph is called Fan and is denoted by 


Fy, = P,+ Ky. 
Theorem 3.5 The graph F,, = Pp, + Ky is a Lucas graceful graph. 


Proof Let G = F, and uy, ug,...,Un,Un+1 be the vertices of a path P, with the central 
vertex uo joined with uy, ua,...,Un,Un4i- Clearly, |V(G)| =n+2 and |E(G)| = 2n+ 1. Define 
f : V(G) = {lo, li, le, ..., lonti} by f(uo) = lo and f(u;) = loi-1,1 <i <n+1. We claim that 
the edge labels are distinct. 

Calculation shows that 


{fi(uimipi) >1 Sis n} = {| fui) — fui4i)|: 1 si <n} 
{|f (ua) — f(u2)|, |Flu2) — flus)|,-5 |F(un) — F(un+i) |} 
{|l Isl, \d3 ls 


Ey 


I 


I 


ae) lon—1 _ lon+a|} = {la, la, unay lon}, 


| 


Lucas Graceful Labeling for Some Graphs 19 


Eo = {filuou):1<icnt 1} = {|f(uo)-— fu)|:1sisn+ 1} 
= {|f(uo) — f(ur)], |f(uo) — f(u2)|,--|f(uo) — f(un+1)|F 
= {|lo _ hi, \lo — Is|, et \lo — lon+1|} = {li ls, loath 


Whence, FE = Fy U FE, = {l1, lo, ..., lon, lon4i}. Thus the edges of F,, receive the distinct labels. 
Therefore, f is a Lucas graceful labeling. Consequently, fF, = Pp, + Ki is a Lucas graceful 


graph. 


Example 3.6 The graph F7 = P; + Kk; admits Lucas graceful graph shown in Fig.11. 


ao B® ww 


Fig.11 
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